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Approximation in Hermite spaces of smooth functions 
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Abstract 

We consider L 2 -approximation of elements of a Hermite space of analytic func¬ 
tions over The Hermite space is a weighted reproducing kernel Hilbert space 
of real valued functions for which the Hermite coefficients decay exponentially fast. 

The weights are defined in terms of two sequences a = {aj} and b = {6^} of positive 
real numbers. We study the nth minimal worst-case error e(n, APP^; of all 
algorithms that use n information evaluations from the class A®*'^ which only allows 
function evaluations to be used. 

We study (uniform) exponential convergence of the nth minimal worst-case er¬ 
ror, which means that e(n, APP^; A®*'^) converges to zero exponentially fast with 
increasing n. Furthermore, we consider how the error depends on the dimension s. 

To this end, we study the minimal number of information evaluations needed to 
compute an e-approximation by considering several notions of tractability which 
are defined with respect to s and loge“^. We derive necessary and sufficient condi¬ 
tions on the sequences a and b for obtaining exponential error convergence, and also 
for obtaining the various notions of tractability. It turns out that the conditions on 
the weight sequences are almost the same as for the information class A*^^^ which uses 
all linear functionals. The results are also constructive as the considered algorithms 
are based on tensor products of Gauss-Hermite rules for multivariate integration. 

The obtained results are compared with the analogous results for integration in the 
same Hermite space. This allows us to give a new sufficient condition for EC-weak 
tractability for integration. 

Keywords: Multivariate Approximation, Exponential Convergence, Tractability, Her¬ 
mite spaces 
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1 Introduction 

In this paper we study L 2 -approximation of functions belonging to a certain reproducing 
kernel Hilbert space 'H{Ks) of s-variate functions defined on with reproducing kernel 
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X —)■ R. We are interested in approximating the embedding operators APP^ : 

l-L^Ks) L 2 (R'*,</?s) with 

APP.(/) = /, 

where denotes the density of the s-dimensional standard Gaussian measure. 

We consider the worst-case setting. In this case it follows from general results on 
information-based complexity, see, e.g., IZH or m Section 4], that linear algorithms 
are optimal. So we approximate APP^ by a linear algorithm An^s using n information 
evaluations either from the class A®*'^ of standard information which consists of only 
function evaluations or from the class A®^" of all continuous linear functionals. That is, 

n 

AnM) = all / e niKs), 

where Lj belongs to the dual space of T-L^Ks) , i-e., Lj G for the class A’^^^ whereas 

Lj{f) = f{xj) for all / G Hs, with Xj G R^ for the class and aj G L2(R®,V95) for 
all j = 1,2,... ,n. Since T-L^Ks) is a reproducing kernel Hilbert space we obviously have 
Astd ^ ^aii paper we will mainly concentrate on the approximation problem with 

respect to the class because the problem for the class A^^^ is covered by [8]. 

We measure the error of an algorithm An,s in terms of the worst-case error, which is 
dehned as 


e^P^'H{Ks),An,s) 


sup ||APP,(/) - A„,,(/)||l^, 

f&H{Ks) 

ll/lk.<l 


( 1 ) 


where denotes the norm in 'H{Ks), and IHIl^ 

is given by 

\\9\\u={l |^(a::)|V.Nda;^ 




The nth minimal (worst-case) error is given by 


denotes the norm in L2(R, <yCs) which 
for G L2(R, 


e(n,APP,;A) := inf e"PPCH(iP,), (2) 

■^n,s 

where the inhmum is taken over all admissible algorithms A^^s using information from the 
class A G {A^'\ A"*'^}. 

For n = 0, we consider algorithms that do not use any information evaluation, and 
therefore we use Aq,® = 0. The error of Aq,* is called the initial (worst-case) error and is 
given by 


e(0, APP,) := sup ||APP,(/)||l, = ||APP,||. (3) 

ll/lk.<l 

When studying algorithms A^^^, we do not only want to control how their errors depend 
on n, but also how they depend on the dimension s. This is of particular importance 
for high-dimensional problems. To this end, we dehne, for e G (0,1) and s G N, the 
information complexity by 

n(£,APP 5 ;A) :=min{n : e(n, APPs;A) < e} 
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as the minimal number of information evaluations needed to obtain an e-approximation 
to APP^. In this case, we speak of the absolute error criterion. Alternatively, we can also 
dehne the information complexity as 

n(£, APP^; A) ;= min {n : e(n, APP^; A) < e e(0, APP^)} , 

i.e., as the minimal number of information evaluations needed to reduce the initial error 
by a factor of e. In this case we speak of the normalized error criterion. 

The specihc problem considered in this paper has the convenient property that the 
initial error is one, and the absolute and normalized error criteria coincide. 


1.1 Exponential convergence and tractability 

Since the particular weighted function space we are going to dehne in Section 11.21 is such 
that its elements are inhnitely many times differentiable and even analytic, it is natural to 
expect that the nth minimal error converges to zero very quickly as n increases. Indeed, 
we would like to achieve exponential convergence of the nth minimal errors, and we hrst 
dehne this type of convergence in detail. 


By exponential convergence we mean that there exist functions q : M = {1,2,...} 
(0,1) and p, C : N —)■ (0, cxo) such that 

e(n, APP,; A) < C(s) q{s) for all s, n G M. 


Obviously, the functions q{-) and p(-) are not uniquely dehned. For instance, we can take 
an arbitrary number q G (0,1), dehne the function Ci as 


Oi(.) 


/ log g \ 
Vlog q{s)) 


and then 


We prefer to work with the latter bound which was also considered in Hiziiin]. 

Definition 1. We say that we achieve exponential convergence (EXP) if there exist a 
number q G (0,1) and functions p, O, Oi : Id —)■ (0, cxo) such that 

e(n, APP,; A) < 0(s) for all s,n G N. (4) 

If (jl]) holds, then the largest possible rate of exponential convergence is dehned as 

p*{s) = sup{ p G (0, oo) : 3 O, Cl : N —(0, oo) such that 

Vn G N : e(n,APP,; A) < 


Definition 2. We say that we achieve uniform exponential convergence (UEXP) if the 
function p in (jl]) can be taken as a constant function, i.e., p(s) = p > 0 for all s G N. 
Furthermore, let 


p* = sup{p G (0, cxo) : 3 O', Oi : N —)■ (0, oo) such that 

Vn,s G N : e(n,APP,;A) < 


denote the largest rate of uniform exponential convergence. 
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We note, see [H |5], that if dH) holds and e(0, APP 

/log C{s) + log \ 


n(£, APP^; A) < 


Ci{s) 




logq 


-1 


= 1 then 

for all s e N and e G (0,1). 


( 5 ) 


Conversely, if ([5]) holds then 

e(n +1,APP,;A) < for all s,neN. 


This means that (jl]) and ([5]) are practically equivalent. Note that l/p{s) determines the 
power of log e~^ in the information complexity, whereas logg“^ only affects the multiplier 
of log^'^^^^^ e~^. From this point of view, p{s) is more important than q. 

From (j5]) we learn that exponential convergence implies that asymptotically, with 
respect to e tending to zero, we need e~^) information evaluations to obtain 

an e approximation. However, it is not clear how long we have to wait to see this nice 
asymptotic behavior especially for large s. This, of course, depends on how C(s),Ci(s) 
and p{s) depend on s, and this is the subject of tractability. The following tractability 
notions were already considered in 0 El El m [ini E]. The nomenclature was introduced 
in m- In this paper we dehne log 0 = 0 for convention. 

Definition 3. We say that we have: 


(a) Exponential Convergence-Weak Tractability (EC-WT) if 


lim 

s+ 


logw(g, APP^; A) 
s + log 


0 . 


(b) Exponential Convergence-Polynomial Tractability (EC-PT) if there exist non-negative 
numbers c, Ti, T 2 such that 

n(£, APP^; A) < (1 -I- log for all sgN, £6(0,1). 


(c) Exponential Convergence-Strong Polynomial Tractability (EC-SPT) if there exist non¬ 
negative numbers c and r such that 

n(e, APP^; A) < c (1 -|- log for all s G N, e G (0,1). 

The exponent r* of EC-SPT is dehned as the inhmum of r for which the above relation 
holds. 

EC-WT means that we rule out the cases for which n(£,APPs;A) depends exponen¬ 
tially on s and log EC-PT means that the information complexity depends at most 
polynomially on s and log whereas EC-SPT means that n(e:, APP^; A) is bounded at 
most polynomially in log independently of s. 

We remark that in many papers tractability has been studied for problems where we do 
not have exponential but usually polynomial error convergence. For this kind of problems, 
tractability has been dehned by studying how the information complexity depends on s 
and for a detailed survey of such results we refer to [ISIESIEZ]. With the notions of 
EC-tractability considered in 0 |5l El EDI El] and in the present paper, however, we study 
how the information complexity depends on s and log We remark that log also 
corresponds to the number of bits of desired accuracy, cf. [IB] . 

We collect some well-known relations: 
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Proposition 1. We have: 


(%) EC-SPT ^ EC-PT ^ EC-WT. 

(ii) EC-PT (and therefore also EC-SPTj implies UEXP. 

(Hi) EC-WT implies that e(n, APPs;A) converges to zero faster than any power of n~^ 
as n goes to infinity, i.e., 

lim n“e(n, APP^; A) = 0 for all a G M’*' and all s G N. 

n—^oo 

(iv) If we have UEXP, e(n,APP,;A) < C(s) then: 

• C(s) = exp(exp(o(s))) and Ci{s) = exp(o(s)) ^ EC-WT; 

• C(s) = exp(C>(s’’)) and Ci{s) = 0{s^) for some D,!] > 0 ^ EC-PT; 

• C(s) = 0{1) and Ci{s) = 0{1) => EC-SPT. 

Proof. ^ is clear. A proof of ^ can be found in mm and Kui) and KM) are shown in 

HI], □ 

Of course Point ([i|j of Proposition [T] is the motivation for the use of the prehx EC 
(exponential convergence) in our notation. 

The goal of this paper is to hnd relations between the concepts EXP, UEXP, and the 
various tractability notions, as well as necessary and sufficient conditions on the weights 
of the considered function space for which these concepts hold, mostly for the class 


1.2 Hermite spaces with infinite smoothness 

We briefly summarize some facts on Hermite polynomials] for further details, we refer 
to [9] and the references therein. For fc G Nq = {0,1,2,.. .} the kth Hermite polynomial 
is given by 


Hk{x) = ■^-^exp(a:V2)^exp(-xV2), 


which is sometimes also called normalized probabilistic Hermite polynomial. Here we 
follow the dehnition given in [2], but we remark that there are slightly different ways to 
introduce Hermite polynomials, see, e.g., [20]. For s > 2, k = {ki,...,ks) G Ng and 
X = (xi, ..., Xg) G M'^, we dehne s-dimensional Hermite polynomials by 


Hk{x) = l[Hk^{xj). 


It is well known, see again [2], that the sequence of Hermite polynomials {ilfejfceNg forms 
an orthonormal basis of the function space L2(M^,<y5s), where (ps denotes the density of 
the s-dimensional standard Gaussian measure, 

1 

— X ■ X 
2 


for all X G 
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where is the standard Euclidean inner product in M*. We write 9 ? := tpi. 

Similarly to what has been done in [9], we are now going to dehne function spaces 
based on Hermite polynomials. These spaces are Hilbert spaces with a reproducing kernel. 
For details on reproducing kernel Hilbert spaces, we refer to [T]. 

Let r : PJq —)■ M"*" be a summable function, i.e., r{k) < 00 . Dehne a kernel 

function 

Kr{x,y) = ^ r{k)Hk{x)Hk{y) for x,y eW 

feeNg 


and an inner product 

{f,9)Kr= 

haNs k ' 


where 

T{k) = [ f{x)Hk{x)ifs{x)dx 


is the fcth Hermite coefficient of /. Note that Kr{x,y) is well dehned for all x,y ^ M®, 
since 


Kr{x,y)\ < '^r{k)\Hk{x) \ \Hkiy)\ < 

k 


—====Y,r{k) < cx), 
^JiPs{x)Lps{y) ^ 


since Cramer’s bound for Hermite polynomials, see, e.g., m p. 324], states that 

\Hk{x)\ < J_ for all A; e No- 

Let 'H{Kf) be the reproducing kernel Hilbert space corresponding to Kr, which we 
will call a Hermite space. The norm in 'H{Kf) is given by ||/|||'^ = (/,/)x.. From this 
we see that the functions in 'H{Kf) are characterized by the decay rate of their Hermite 
coefficients, which is regulated by the function r. Roughly speaking, the faster r decreases 
as k grows, the faster the Hermite coefficients of the elements of 'H{Kr) decrease. In [9], 
the case of polynomially decreasing r as well as exponentially decreasing r was considered. 
In [7] further results were obtained for numerical integration for exponentially decreasing 
r, and in [H] for approximation using information from In this paper, we continue 
the work on exponentially decreasing r for approximation using information from 
thereby extending the results of [3 Eli. 

To dehne our function r, we hrst introduce two weight sequences of positive real 
numbers, a = {oj} and b = {bj} such that 


0 < ai < 02 < • ■ ■ and 

Furthermore, we hx a parameter u G (0,1). 
consider 


6 * := inf bj > 1 . 

j 

For a vector k = (/ci, ... ,ks) G Mq, we 


r{k) = (jJk '■= OJ 
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For simplicity we assume without loss of generality that oi > 1, because we can always 
modify cu in such a way that oi is greater than or equal to 1 . 

We modify the notation for the kernel function to 

Kr{x,y) = Ks^a,b,Lo{x,y) = ^ uJkHk{x)Hk{y). 

fceNg 

From now on, we deal with the corresponding reproducing kernel Hilbert space 'H{Ks a,b,w)- 
Our concrete choice of r now decreases exponentially fast as k grows, which influences 
the smoothness of the elements in 'H{Ks^a,b,u])- Indeed, if 6 * > 1 it can be shown that 
functions / G 'H{Ks,a,b,u}) are analytic, see [7j. More precisely, we have that for all a; G 
the Taylor expansion of / centered at x converges in a ball with radius p{u:) > 0 around 
X. It can also be shown that this radius piu) is independent of x and lim^^o p{^) = oo 
and lim^^i p{uj) = 0 . 

Remark 1. Apparently the assumption 6* > 1 has technical reasons, see, e.g., the foot¬ 
note on page [HI and pages HT] and [251 However, the assumption 6 * > 1 is also essential 
in showing that functions / G 'H{Ks,a,b,u}) are analytic, see [7]. For the moment it must 
remain an open question whether our results are also correct if K G (0,1). However, in 
the case 6 * G (0,1), we can show that fnnctions / G 'H{Ks^a,b,u]) belong to the Gevrey 
class of index 1 / 6 *, which is work in progress. 

We remark that reproducing kernel Hilbert spaces of a similar flavor were previously 
studied in HIEIHI [TT] . bnt the functions considered there were one-periodic functions 
dehned on the unit cube [0,1]^. Here, we study functions which are dehned on the M®, 
which is a major difference. Obviously, 'H{Ks,a,b,Lj) contains all polynomials on the M^, but 
there are further functions of practical interest which belong to snch spaces. For example, 
it is easy to verify, see again [7], that f{x) = exp(A ■ x) is an element of the Hilbert space 
'H{Ks^a,i,u}) for any weight sequence a and any A G M®. Functions of a similar form occur 
in problems of hnancial derivative pricing, see, e.g., |13j . 

Multivariate integration in 'H{Ks,a,b,uj) has been studied in [7j and will be discussed 
further in Section [3] of this paper. 


2 L 2 -approximation in l-L[Ks^a,b,uj) 


Let APPs : 'H{Ks,a,b,u)) —^ IL 2 (M^,(ps) with APPsif) = /• In order to approximate APP^ 
in the norm || • ||l 2 we use linear algorithms A„ g, which use n information evalnations and 
which are of the form 

n 

AnAf) = for / G niK,,a,b,.), 

k=l 

where each is a function from L 2 (M^, Ps) and each is a continuous linear functional 
dehned on 'H{Ks,a,b,u}) from a permissible class A G A®*'^} of information. 

The worst-case error of an algorithm An,s is dehned as in ([T]) and the nth minimal 
worst-case error for the information class A is given by ([2)). The initial error, dehned 
by ([3]), is 


e(0,APP,) = ||APP,|| = 


sup 


L2 




sup 




= 1 , 
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since we always have ^ II/I 1 l 2 equality is obtained for the constant func¬ 

tion 1 which certainly belongs to 'H{Ks a,b,Lj)- This means that the approximation problem 
is well normalized and that the absolute and the normalized error criteria coincide, i.e., 
the information complexity is 

n(£, APP^; A) := min {n : e(n, APP^; A) < e} . 


2.1 Results for L 2 -approximation for the class 

L 2 -approximation for the class A®^^^ dehned over very general Hilbert spaces with exponen¬ 
tial weights is discussed in [ 8 ]. Since the Hermite space 'H{Ks^a,b,uj) with weight sequences 
a and b hts into the setting of [S], we know that the following results hold for the class 

Aall; 


1. EXP holds for arbitrary a and b and p*{s) = 1/B{s) with B{s) := 

2. UEXP holds iff a is an arbitrary sequence and b such that B := Yl’jLi ^ h 

so then p* = 1/B. 

3. We have 


4. 


EC-WT 


lim Oj = 00, 

j^oo 



EC-PT 


00 -l 

j.i ' 

and 

a* := lim inf 

j^QO 

EC-SPT 


00 ^ 

1 ^7 

j=i J 

and 

a* := lim inf 

j^OQ 


Then the exponent t* of EC-SPT satishes max (H, < r* 

particular, we have EC-PT EC-SPT. 

The following notions are equivalent: 


!^>o, 

J 


log ctj 
j 


> 0 . 


< B + In 

— a* 


EC-PT, EC-PT+EXP, EC-PT+UEXP, 

EC-SPT, EC-SPT+EXP, EC-SPT+UEXP. 


2.2 Results for L 2 -approximation for the class 

We present the main results of this paper in the following theorem: 

Theorem 1. Consider 1^2-approximation defined over the Hermite space 'H{Ks^a,b,uj) with 
weight sequences a and b satisfying 0 < Oi < 02 < 03 < ... and inf^ bj > 1. The following 
results hold for the class 

1. EXP holds for arbitrary a and b and 

^ „th 







2. UEXP holds iff a is an arbitrary sequence and b is such that 



If this is the case then p* = 1/B. 
3. We have 


a. EC-WT iff liiiij^oo % = oo, 

b. EC-PT z#EC-SPT, 


c. EC-SPT iff B := T ^ liminf^^oo > 0. 


Then the exponent r* of EC-SPT satisfies 



In particular, a* = oo implies t* = B. 

The results we achieve for the information class match those for the class A^", 


although the upper bound on the exponent of EC-SPT is slightly different. From Theorem 
[T] we see once more that EC-PT implies UEXP, cf. Proposition [1] 

We cannot determine the exponent of EC-SPT exactly but we get an upper and a 
lower bound such that we know r* G [max (5, (log2)/a*), B + (log3)/a*]. 

The proof of Theorem [T] will be given in Section ITTI First we collect some auxiliary 
results in the following section. 

2.3 Auxiliary results for the proof of Theorem [1] 

2.3.1 Gauss-Hermite rules 

A one-dimensional Gauss-Hermite rule of order n is a linear integration rule Qn of the 
form 


n 


Qnif) = '^aifiXi) 


that is exact for all polynomials p of degree less than 2n, 





i=l 


The nodes xi,...,Xn G IP are the zeros of the nth Hermite polynomial Hn and the 
integration weights a* are given by 



see jS]. We stress that the weights are all positive. The following lemma summarizes 
a few basic facts on Gauss-Hermite rules. 
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Lemma 1. Let n G N. Then we have: 


1 - Qn(i/o) = Er=i«* = i/ 

2. for k E {1,2,... ,2n — 1} we have Qn{Hk) = 0 ; 

3. for k G {2n, 2n + 1,...} we have 





if k is even, 
if k is odd. 


Proof. See [3 Proof of Proposition 1]. 


□ 


For integration in the multivariate case, we use the tensor product of one-dimensional 
Gauss-Hermite rules. Let mi,..., m^ G N and let n = mim 2 ■ ■ ■ m^. For j = 1, 2,..., s 
let 

TUj 




i=l 


be one-dimensional Gauss-Hermite rules of order nij with nodes Xi \ ... ,Xmj and with 
weights af \ ..., Om], respectively. Then we apply the s-dimensional tensor product rule 

Qn,s = QS ® ® 


i.e.. 


mi ms 


QnAf) = ■ ■ ■ 4!V(44 • • •,4?)- 

il=l is=l 

By denote the set 

^ns = £ Nq : for all j = 1 ,..., s either Vj = 0, or Vj > 2mj and Vj even}. 

We will make use of the following result. 

Lemma 2. Let Qn,s be as in ([ 6 ]). For any g of the form 

g{x) = 'g{v)H.^{x) for all x G M^, 


( 6 ) 




we have 


g{x)ips{,x)<lx - Qn,s{.g) 

Rs 

where we put |u|^ := |{j : Vj ^ 0}| for v = (t>i,... ,t>s) G Ng 
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Proof. Using the results from Lemma [T] as well as the orthonormality of the Hermite 
polynomials we have 


/ gix)^psix)dx - Qn^sig) 

= 

^ ^ gi'^^Qn,siHA) 



vmi\{0} 


< E i9wini«“w-)i 

«eNg\{ 0 } j=i 


as desired. 


□ 


2.3.2 Error analysis in Pi^Ka a.b,uj) 

We proceed in a similar way as in mm- Let M > 1, and dehne 

A{s, M)-.= {heW^: 00 ^^ < M} . (7) 

For / G l-L{Ks^a,b,ui) and h eWq dehne 

fhix) := f{x)Hh{x) for x G ML 
We approximate / G 'H{Ks,a,b,uj) by algorithms of the form 

An,s,Mif)i^) = ^ Qn,s{fh)Hh{x) for 03 G M^ (8) 

heA{s,M) 


where Qn,s is a Gauss-Hermite rule of the form (E]). The choice of M will be given below. 
Then we have 

(/-A,.,A,(/))(»:)= E mHi.(x)+ Y, (m-QnAh))Hdx). 

h^A{s,M) h&A[s,M) 

Using Parseval’s identity we obtain 

II/-A.,.,m(/)IIL= E lfo)l'+ E lfo)-Q«..(A)t 

h^A{s,M) h&A{s,M) 

= E !/>)!'+ E 

h^A{s,M) heAis,M) 

We have 

E ifo)i'= E ( 10 ) 

h^A{s,M) h^A{s,M) 

Now we estimate the second term in ([2]). Unfortunately, in general, / G 'H{Ks a,b,uf) 
does not imply fh G 'H{Ks a,b,uf)- However, we can show the following result. 


fhix')^psix') (\.X Qn,sifh 


(9) 
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Lemma 3. The function fh can he pointwise represented as a Hermite series 


fh{x) = ^ fh{k)Hk{x) for all x e 




For technical reasons, we defer the proof of this lemma to the end of this subsection. 
With the help of Lemma [3] we can estimate the integration error of Qn,s for functions of 
the form f^- 

Lemma 4. For f in the unit ball of 'H{Ks^a,b,Lj) cmd h G A{s^M) we have 


fhix')'psixd^ dx Qn,s(^fh 


< 2 " 


'mm(s,j{xM)) 

n 

i=i 


log M 
Oj logw^ 


1/bj 


v&gfs\{o} 


where 


Xm — 


logM 


log UJ ^ ’ 

i{x) := sup{j G N : x > aj}, 

K = K(u) := 3/c — 1 H-^ •= ( 1) 

logw^ '■ 


log(a; — 1 ) 


( 11 ) 


Proof. According to Lemma [3] we can apply Lemma [2] to the second term in Q and obtain 


/*h.(^)V^s(^) diC Qn,si^fh 


< I \fhiv)\{^)^< 


( 12 ) 


For hxed h G ^(s, M) and v G \ {0}, we have 


fh{v) 


f{x)Hh{x)H^{x)ips{x) dx 



(Ps{x) dx. 


Now we write the product of two Hermite polynomials as a linear combination of Hermite 
polynomials. To this end we write tj = min(nj, hj) and Tj = ma.x{vj, hj) for j G {1,..., s}. 
With this notation we have, using a result from m p-1], 





2r,)!)i/2 


H\hj-Vj\+2rj {Xj)- 


3- 


Hence 
fh{.v) = 


12 















h - 


//w nE(|7 

\j=lrj=0^ r 
ri=0 rs=0 \j=l ^ 


H\h^_^.\+2rj(,Xj) ips{x)dx 


tj - rj 


X H\h^_^.\+ 2 rj(,Xj) \(ps{x)dx 




tA 


E--E n(^ 

ri=0 rs=0 \j=l 


1/2 


TA j \ti — r 


'J ' 3 


{{\hj-Vj\+2rj)\y/A 


T ■ ' 

' 3- 




X 


/ /w (n^i 


\hj—Vj\+2rj{Xj') j LpgijxAjdx. 


For i G {l,...,s}, and given Vj, hj, and Vj, we now write 

hj Vj := \hj - Vj \ + 2rj, 

and by h ©^ t; we denote the same operation applied component-wise to vectors. With 
this notation, 

A(-)=t ■ ■ • t fn (I) C, ^ 


ri=0 rs=0 \j=l 

X / f{x)Hr,^ 

rV {x)^ps{x) dx 


) 


h 


E E n 


tA 


1/2 


ri=0 rs=0 \j=l ^ ^ 

Therefore, from ffT 2 |) . 

2 

fhix')^six^ diC Qn,s(^fh') 

ti t. 


TA ) \tj - Tj 




< 


- .\{ 0 } 


^ ( —1 i - ^ 


) 


ri=0 rs=0 \j=l 


3-/ V"! '3 

2 

X f {hd)r V) 


tl ts 


< ^ (^)'”'-E'"E n 




- '^eSrlr.Afo} 


ri 


=0 rs=0 \7=1 ^ ^ 


TAJ \tj-rj 




rj\ 
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Using the Cauchy-Schwarz inequality we obtain 


' /h.(^)dec Qn,s(^fh) 

( tl ts 

T, E'"Eih'»® 

«ee^,A{o}’’i=o '■-=0 


r '*^)l ^h^rV 


.uee^Alo} ^1=0 ^==0 \i=i ^ ^ ^ ^ ^ ' 




rV 


= 01 X 0 


2 , 


where 


tl ts 


and 


®i-=5Z‘"5Z l/(^®-^)lX©. 

ri=0 r,=0^egi^\{o} 


e.:= 5: 

feSn s\{0} ’’1='^ ^‘>=0 W = 1 ^ ^ ^ 


(13) 


(14) 


(r,l)= 


Now we estimate 0i and 02 from above. 


Upper bound on 0i: For given h = (hi,..., hg) E A(s, M), k = (fci, ... ,ks) £ N; 
and 


0 i 


the system of equations 


r = (n, ...,rg)E (^{0,.. .,tj}, 

i=i 


hi ©n Ui = hi, 
h 2 ©r 2 '^2 — ^ 2 , 

kg © 7 . Vg kg 


has at most 2^ solutions (ui,..., Us) G Q^s \ {0}- Hence, 


01 < 5 : ■ ■ ■ u 2* U \m\W < 2- ii/iih,..,. IK''. +1). 


ri=0 r’s=0 fcSNn 


i=i 


where we used that tj < hj. 
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Oj 

Note that h G .4.(s, M) means by definition that < M, and this implies < 

M for each j G {1,..., s}. Hence we obtain, for j G {1,..., s}, 


h . < I 


i/bj 


1 , 


and so 


Y\_{hj + 1) < n 

i=i i=i 


logM 
ttj logCU"^ 


1/bJ 


min{s,j{xM)) 

n 


i=i 


logM 
ttj logcu"^ 


i/bj 


where xm = logM/(logCi; ^), and J^xm) = sup{j G N : xm > o-j}- Overall we have 


01 < 2 * 


K. 


min(s,j(a;M)) 

n 

Y logM 

11 

i=i 

\aj loguj-^J 


(15) 


Upper bound on © 2 : Note that hj (Brj Vj = Tj — tj + 2rj and therefore 
f ^ (hj ®rj u)! _ ~ + 2rj\ / Tj \ 

V- Vj - 07 (oO^ VO/ V o / Vj - 0/ ’ 


Hence, 


02= T, ('^^'-HE 


[Tj — t,- + 2r, 


Since Oj, hj>l, we hav^ 


j = l rj=0 ^' 


IJ I A., J 

Tn 


+ _r 

^3 3/ 


= a;“hlO-^h+2r-d < ^a,\hi-Vi\ i+a^{2r^) J ^ Ci;,. .iWo.^ 




2ri 


Thus, 


02 < ^ 

^ee/Ofo} t=l rj=0 


u 


2r, I ^ ["^3 ^3 + ^O 


tj - O 






^g 6 ^,A{ 0 } 


j=i 


i=i 


i=i 



^Here we require bj > 1 since for bj G (0,1) we would have, according to Jensen’s inequality, that 


yj j — J. olllG/C IWi \J j 

(10 - ol + 2rj)'’^' < 10 - + (2rj)''u 
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Now, let k = k{(jj) be the smallest positive integer such that 


k > 


log(a; — 1 ) 
logo; 


We then get 


02 < 






■.rn , 

ri=0 ^ 


X 




, ri=0 


E 


'T, 




\f'i 

i=0 ^ 


^ee^.Alo} i=i - 


— {Sk—2)tj 


X 


E 




yfi 

i=0 ^ 


y-^ + h \ , Mi 


UJ 


E 




\ fi 
,=0 ^ 


< 5; (Vte)i’'i- n 


^eeiAlo} 


i=i - 


^\hj—Vj\^ 


— (3k—2)tj 


X 


E 




, r, =0 ^ J' 




r,=0 


T. 


E 




Mi 

,ri=0 ^ 


Using the binomial theorem we obtain 




^eeiAlo} 


i=i 


(v^)i"i* 

^eSrl.Alo} i=i 


Using again tj = min(nj, hj) < hj, we conclude 


^ee^.Alo} i=i 


’^esAAlo} i=i 


-(3fc-2)fej^-(2fcj+2^j) ‘°y+E > ^ 


We now use 
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i.e. 




for any bj > 1 and any vj, hj eTj. Consequently, 


02 < ^ 




i=i 


_k , Oa _ 

.2 ^3a.jV ^ 


^eSrt.Alo} i=i 




(\/^)l 

^s 6 ,i:.\{o} 


''I. Ci;. ' loEu;-l 


n2~''JaivA 

OJ ^ ^ ■’logo 


< ^ (\/^)l^l*M^ JJo;^ 

’’eSrt.Afo} i=i 


i=i 

„,^2 1og(l+o.fe) 


log u 




where we used aj, bj > 1 for the second inequality, and h G o4,(s, M) for the last inequality, 
and where K = K{u;) := 3k - 1 + \ 

For j G {1,..., s} we now study the term 


2 

OJ 


iajV.^ 


21og(l+oo'=) 
log (jJ 1 


= UJ 


u; 


2 h' ^ajvf-Vj 


2 1og(l + u;’°) 
logu;-l 


We show that 


1 - 67 - 1 . 


6, 2^1 + 0 ;"^) 




logo; 


-1 — 


> 0. 


( 16 ) 


Indeed, f[T 6 |) is trivially fulhlled if Vj = 0. If Vj > 0, this implies Vj >2, since v G Q:^g. In 
this case, flTHll is fulhlled if and only if 


0 ,-. ^ 

ttj logo; ^ 


Since Uj > 2, and since aj > 1, flT7|) is certainly fulhlled if 


2^.-1 > g log(l+^^) 06,-1 


logo; 


-1 


(17) 


However, k was chosen exactly such that the latter condition holds true. Hence, CSD is 
satished, and we have 


u 


1 aiV ■ —V. 


2 1og(l+u;'=) 


log 




< o;^ . 


Consequently, 


02 <M^ J2 (\/^)'’''*a;^^7=i“ihi/2)*’7. 
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Now we insert our upper bounds for 0i and 02 into flT3|) . For / in the unit ball of 
'H{Ks,a,b,uj) we obtain 


f ds; Qn,si^fh) 


< 2 * 


'min{s,j{xM)) 

n 


i=i 


log M 
ttj logw^ 


i/b, 


^’SS^.Vfo} 


as claimed. 

Next we show the following proposition. 

Proposition 2. We have 

[e^^'^iniKs,a,b,u.),An,s,M)? < 0(3, u, b) 

where B{s) ;= ^ ~ flTT]) . 


□ 


Fn-.= 'Y 


(18) 


(19) 


and where 


D{s,uj,b) := 8" JJ (l + log-^/^^a;-i 


i=i 


( 20 ) 


Proof. Let / G 'H{Ks,a.b,u,) with 


< 1. Using O, (DTOD, and Lemma m we have 


/ min{sJ{xM)) 

\\f - < j7 + E 2 ‘ n 

- -- j=i 


logM 
Qj logw^ 


heA{s,M) 


i/L 




1 

M 


' mm{s,j{xM)) 


1.4(5, M)| 2* I J] 

i=i 


logM 
Qj logw^ 


1 /L 




Since \A{s,M)\ < n^=i(l + (logM/(aj logo; ^))UL) due to P Lemma 1] we have 


1 / 

! min(sj'(a;M)) 


n 

V 

-(,nL 

/ logM 

\aj logw^ 
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logM 

Oj logCJ"^ 
I lb. 


1/b/ 



















This means that 


^app 


CH(JC,a,6,-), An,s,M)? < ^ + 2^^"" ( jl ^ ^ ^ 


log M 
ttj logw^ 


i/bj 


Fn, (21) 


where is as in (IT^ . 

Furthermore, we estimate 


n(i 

j=i 


log M 

Qj logW^ 


1/b, 


i=i 


log M 
logw^ 


1 / 6 ,■ 


< n (i+^"0 n (^+^ 


Since M is assumed to be at least 1, we can bound 1 + log^^^^ M < and obtain 


nb 

/=i 


logM 
ttj logw^ 


1 / 6 ,■ 


< JJ (^1 + log 

/=i 




Plugging this into fl2T]) . we obtain 




where D{s,u), b) is as in ([20]). 

We now give the proof of Lemma [3l 


□ 


Proof. To show that fh can be pointwise represented by its Hermite series, due to [HI 
Proposition 2.6] it is sufficient to verify that 




< oo. 




To this end we proceed quite similarly to what we did when we estimated 


5; i//(«)i(yto)i”i. 

see f[T2|) . in the proof of Lemma IH By going through analogous steps, we see that 

2 


Y1 - 


A'., 




' min{s,j{xM)) 

n 

/=i 


logM 
ttj log 02 “^ 


1 /L 


M 


K 


TT 2 '’i ajV -Vj^^^s(l±£A 
i=i 
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However, 


X ^ T—r 2 ^ + 1 —r ^ \ 2 ^. . 2 log(l+u;^) 

y'TTw ^ ^ i°g^-^ =|[ya; ^ ^ 

uSNq j=l j=lt;j=0 


n(i 

i=i 


■ cu 


2-6^. 21ag(l±^ ^ 


2~ iajV.-i 

_|_ \ J logu 


In the derivation of ffTB]) . it was sufficient that Vj > 2. Hence we can proceed analogously 
for the sum in the latter expression to see that this sum is hnite. Hence we derive that 


y \fh 


. nSN^ 



< CXO. 


□ 


2.4 The proof of Theorem [T] 

We now prove Theorem [T] To this end, we need the following proposition. 
Proposition 3. For s G N and e E (0,1) define 


m = max 


2 bj+l log 


B{s) 


log OJ 


-1 


where 


2S(s) + /C+l 
2 


V = 


^2D{s^ a;, b) 2B(s) + K+l 

and K = K{uj) as in flTT]l . Let mi, m 2 ,... ,ms he given by 


m. 


■= for j = l,2,...,s and 


mi 


i=i 


Then for M = 2/ we have 

e^'^'^{'H{K,,a,b,.),An,s,M) < ^ <^nd n = (T(log^(^)(l + £-')) 
with the factor in the O notation independent of e~^ but dependent on s. 
Proof. From flT^ we have 
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-1+n 1 +^ Yi 


^ aj 3 




h=mj 


-1+n (1+ 

j=^ 

s 


y/Sir 


-aj^hf’o -mP) 


UJ2 ^ 


h=mj 

oo 


< -1+n 1+^ Yi 


i=i 

-1+n (1+ 

j=^ 


h=0 


y/^ 

j ’ 


where we used that aj{h^p — m?) > h — rrij, since aj, bj > 1. 

Since [xj > x/2 for all x > 1, we have 

for all j = 1, 2 ,..., s. 

Hence, 

1 - a;V2 ) • 


Fn ^ j 1 + 

i=i 


UJ 


From the dehnition of m we have 


cu 


1 - a;V2 


for all j = 1, 2 ,..., s. 


This proves 


-^n < -1 + ( 1 + + h < -1 + exp(log(l + 7f)) = rf. 


Now, plugging this into flTH]) . we obtain 


Note that 




{D{s,u,b)ri ) 2 b(s)+k+i = > X. 


Hence we are allowed to choose 

M = (-D(s, cn, 6)r7^)~2s(s)+K+i ^ 
which yields, inserting into (12^ . 

[e"PP(?^(i^.,„,6,-),^n,s,M)]' < 2 (D(s,a;,h)r 72 ) 2 sRW = ^2^ 

as claimed. 


( 22 ) 


(23) 
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It remains to verify that n is of the order stated in the proposition. Note that 
n = |^777,i/('S(s)bj)J < 

j=i j=i 

However, 

m = C>(log'®^®^(l + r]~^)), 

as r] tends to zero. From this, it is easy to see that we indeed have 

n = 0(log''(^)(l+ 

which concludes the proof of Proposition [31 □ 

We now prove the successive points of Theorem [T] 

Proof of Point [T] (Exponential Convergence) 

We conclude from Proposition [3] that 

n(e,APP„ = C>(log^("Hl + e-^)). 

This implies that we indeed have EXP for all a and b, with p{s) = 1/B{s), and thus 
p*{s) > 1/B{s). On the other hand, note that obviously e(u, APPs, A®*'^) > e(n, APP^, A®'^^), 
hence the rate of EXP for A®*'^ cannot be larger than for A®'^^ which is 1/B{s). Thus, we 
have p*{s) = 1/B{s). 


Proof of Point [2] (Uniform Exponential Convergence) 

Suppose first that a is an arbitrary sequence and that b is such that 


3 = 1 3 


Then we can replace B{s) by B in Proposition [31 and we obtain 

K£,APP„A^*") = (P(log^ {1+ s-^)), 


n[ 


hence UEXP with p* > 1/B holds. On the other hand, if we have UEXP for this 
implies UEXP for A^", which in turn implies that B < oo and that p* < 1/B. 


Proof of Point [3l (EC-Weak Tractability) 

Assume that EC-WT holds for the class Then EC-WT also holds for the class A®^^^ 
and this implies that lim^ aj = oo, as claimed. 

Assume now that lim^ aj = oo. We consider the operator 


W, := APP*APP, 
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which is given by 


for f E n{Ks,a,b,u), 

fceNg 

where = y/uJkHk and (efc, ei) = 5^1. We then have 


Wstk = WfcCfc for all k E Mq, 


so the eigenpairs of Wg are (wfc, Cfc) for k E Mq; see [SI Section 3] for more details. 

We use mi Theorem 26.18] which states that if the ordered eigenvalues of Wg 
satisfy 

As,n < —^ for all n G N, (24) 

for some positive and t > A then there is a semi-constructive algorithmic such that 

e(» + 2,APP,;A-“)<4|Lgg_ for all neN (25) 

where C{t) is given explicitly in [T71 Theorem 26.18]. However, the form of C{t) is not 
important for our consideration. 

For 7] E (0,1), let r = l/(2?7) > |. We stress that r can be arbitrarily large if we take 
sufficiently small rj. Now we have 


Note that 


where 




1=1 


E-;: 


s / oo 

n i+E'"’’"^ 

j=i \ h=i 





h=l 


oo oo 

h=l h=l 


This proves that 


Hence, we can take 


■4.^=E 


= > UJ^^ = - -< oo. 


h=0 


1 


, ^ n'.i (1 + 


(26) 


Mg^j. = (1 -|- CjY < oo with Cj = 

1=1 

^By semi-constructive we mean that this algorithm can be constructed after a few random selections 
of sample points, more can be found in [171 Section 24.3]. 
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where Aj_ is defined as in fl26|l . Furthermore, we know that linij Oj = oo implies that 
lim^ Cj/s = 0- 
From fl25|l we obtain 

n(£, APP,; < 3 + (M,,,^-(i+i/(2r))/r_ 

This yields that 


log n(e APP.; A--) ^ L ^ 1_Y_ L ^ 

s+e-^^oo s + log e-^ V 2ry r V s^oo 

Since (logMs^^)/s < r tends to zero as s —)■ cxo, we have 


log Ms 


lim sup 

S+ e“^^CXD 


log n{e, APP^; A®**^) 


s + log 

Since r can be arbitrarily large this proves that 




log n(£,APP,;A"*d) 

hm -^^-= 0. 

s+£-i^oo s + log e~^ 

This means that EC-WT holds for the class A®*'^, as claimed. 


Proof of Point [3] (EC-Polynomial Tractability) 

Suppose that EC-PT holds for the class A®*'^. Then EC-PT holds for the class A^". 
From [S] we know that this implies EC-SPT for the class A®^^^ which is equivalent to 
B < oo and a* > 0. If the conditions B < oo and a* > 0 hold, we will show in the 
following that this implies EC-SPT and therefore we also have EC-PT. 


Proof of Point [3] (EC-Strong Polynomial Tractability) 

The necessity of the conditions for EC-SPT on b and a follows from the same conditions 
for the class A®^^^ and the fact that the information complexity for A®*"^ cannot be smaller 
than for A®'^^ 

To prove the sufficiency of the conditions for EC-SPT on a and b stated in Point [3] 
we analyze the algorithm An^s,M given by ([8]), where the sample points Xk come from a 
Gauss-Hermite rule with 


mj = 2 


\ 

log M \ 
ttj log 


for all j = 1, 2 ,..., s. 


where M > 1, (3 e (0,1), and u := with K = defined in ffTTD . Note that 

nij > 1 and is always an odd number. Furthermore rrij = 1 if a j > ((logM)/(logo; 

We know that a* G (0, oo]. Since for all 5 G (0, a*) we have 

aj>exp(5j) for all j>j|. 
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we conclude that 


j > j},s,M ■= max 



log(((logM)/(logo; 


For given h G ^(s, M) and r eNq suppose that 

h ©,. = h®r 


implies rrij = 1. 


for some G \ {0}, ^ v^‘^\ This means that for all j G {1,..., s} we must 

have \hj — + 2 rj = \hj — + 2 rj, which is equivalent to \hj —= \hj — As 

^( 1 ) ^ ^( 2 )^ there must be at least one j G {1,..., s} such that ^ For this j, the 
condition \hj — = \hj — is then equivalent to 2hj = From the choice 

of h, nd) and it follows that for this j we must have 

2hj = Vj^'^ + n® > max(nj^\ > 2mj 

and hence for this j we have hj > rrij. This leads to a contradiction, because if hj is the 
jth component of h, G .4,(s, M), we must have 


rrij < hj < 


logM 
ttj logw^ 


i/b, 


< 


log M 
log u 


ilbj 


rrii 
< ^ 


-1 


+ 1 ^ 

- < rrii 

2 - ^ 


for each j G {1,..., s}. 

Consequently, each coefficient f{h(Br v) occurs at most once in f[TT|) . and so we get rid 
of the factor 2"^ in the upper bound (IT^ of ©i. This way we obtain the improved bound 


0i< 




mm{s,j{xM)) 

n 

i=i 


logM 
Qj logw^ 


i/bj 


Together with our previous upper bounds on ©2 we obtain 


heA{s,M) \ i=l 


min(s,j(®M)) 

n 


logM 
ttj logw^ 


i/bj 




For s G N we use the notation [s] = {1,..., s}. We now estimate 




_l aj(vj/2) 3 _ 




((2mj+2q/2)b 




07 ^ucp] jeu £=0 


where we separated the cases for Vj ^ 0 and Vj = 0. 
Note that, as nij, bj > 1, 


{{2mj + 2i)/2f^ > 


mj + 1 


+ i] > 


mj + l\ .. 
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Hence, 


\/^i 


7ra;l%((2"ii+2^)/2) 






n V 2 


£=0 


£=0 


1 


b, oo 








£=0 

<^2“n—j H, 


where A = Consequently, 


JJa; 

i>e0^j.\{O} 07 ^uC[s] jsu 


1 _ Y!ii±iyj 

2%V 2 ) A 


-i+n(i+ 

i=i 


a; 


2“J V 2 


Furthermore, 


'min(sj(a:M)) 


eL<^ + M'f|^(s,M)| I n 


X 


■i+n(i+ 

i=i 


j=i 

i„ YlZi+tA'’^ 


log M 
Qj logCU'l 


1/b, 


UJ 


2'^3\ 2 


A 


Using log(l + x) < X we obtain 


log 


no 

b=i ^ 




UJ 


2 “2 V 2 


A 


< 


t=i 




2 “2 V 2 


=: 7. 


From the definition of mj we have + l)/ 2]^2 > aj ^ (log M)/log uj' 


i„ 1 2 X+ 2 _ 


CJ' 


2 n 2 J = ^jj2K+2 2 2 J =Al A 2 


= UJ 


(K+l) 


< Uj'^i 


ar (^+b(log Ar)/logw-l _ 


M^+1 


1-5 

-I 


Without loss of generality, we assume M > e. Since aj > 1 for j < 
aj > exp{6j) for j > we obtain 


7 < H 


J/3,S,M 


— 1 / 1 ^ exp((l-/3)(5j) 


E 


MK+1 VM^+1 

J~Jp,S,M 


Note that there exists a constant C* > 0 such that 

< (loglogM) ^ 



Therefore 


jh,M - 1 and 
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with 


^ 1-loglogw ^ 

J/3,5 := C'max 


5/3 


Thus 


7 < A 


/ (loglogM)j* 5 - 1 

I M^+1 


j=0 




exp((l-/3)<5jT 


< 


c, 


/3,5 




with 


c,,-.= A (i7-i + E(z 

3=0 


oo exp((l-/3)(5j)-l' 


< OO, 


where we made use of M > e. Note that for M > we have 7 < 1 . 

Using convexity we easily check that —1 + exp(7) < (e — 1)7 for all 7 G [ 0 , 1 ]. Thus 
for M > we obtain 


■i+n 1 

i=i ^ 


UJ 




2 ^^^ V 2 


A \ < —1 + exp(7) < (e — 1)7 < 


Cp ,5 (e - 1) 


We now turn to |. 4 ,(s, M)\. From the proof of [H Theorem 9 ] we get that 

log M ^ ^+('°g 2)/5 


\A{s,M)\ < 2Uam 1 


log u 


-1 


as well as 


m'm(s,j{xM)) 

n 


i=i 


log M 

ttj logCU"^ 


1/b, 


< 2U.«,M I 1 _|_ 


log M 
log UJ~^ 


B+(log2)/5 


Therefore 


e < — 

n,s - ^ 


1 + <^^ 3 , 5(6 - 1)4U,«.m 1 + 


log M 
log UJ~^ 


2B+{2 \og2)/5 


< 


D 


13,5 


Ml/2’ 


where 


:= sup 

2 :>C '^,(5 


+ 


U^7(e - l)(log 


log 4 


^1/2 3.1/2 

n2 C--4 


1 + 


log X 
log a;“i 


B+(log 2 )/ 5 ^ 


< OO. 


Hence for M = max(U^i^ , ^ s e) we have 

^n,s ^ 

We estimate the number n of function values used by the algorithm An,s,M- We have 

ilbj 


n 

i=i 


n = I I mj = 


n n f +2 


i=i 


/=i 


log M 
log a;“i 
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< ^ + iQg ^-l)B+(log3)/(/35)^^ 

Vlog uj-^J 

where the factor in the big O notation depends only on [3 and 6. This proves EC-SPT 
with 


T = B 


log 3 
P5 ' 


Since (3 can be arbitrarily close to one, and <5 can be arbitrarily close to a*, the exponent 
T* of EC-SPT is at most 


B 


log 3 


a 


□ 


where for a* = cx) we have 1^ = 0. This completes the proof of Theorem [T] 

3 Relations to multivariate integration 

Multivariate integration 

INTs(/) = [ f{x)ips{x)dx 


for / from the Hermite space 'H{Ks,a,b,u}) was studied in [7j. It is easy to see that mul¬ 
tivariate approximation using information from is not easier than multivariate in¬ 
tegration, see e.g., HI. More precisely, for any algorithm An^sif) = Ylk=i^kf{xk) for 
multivariate approximation using the nodes Xi,...,Xn G [0,1)® and G L 2 (M®,<yCs), 
dehne 13k := J^s o:k{x)ips{x) da? and the algorithm 


QnAf) = '^PkfiXk) 


k=l 


for multivariate integration. Then 
|INT,(/)-Q„,,(/)! = 


< 


/ ak{x) f{xk) (ps{x)dx 

\ k=i J 

/ /(*) - /(®fc) (Ps{x)dx 

V k=i j 


1/2 


= ||/-dl„,.(/)||L,. 

This proves that for the worst-case error of integration we have 

e^^\H{Ks,a,bA,Qn,s) := sup |INT,(/) -Q„,,(/)| < e^^AH{K,,a,bA, ^nA- 

/ew(x,, 

Since this holds for all linear approximation algorithms An,s we conclude that 


e(n,INT,) := inf < e(n, APP,; A®“), 

^n,s 


(27) 







where e{n, INTg) denotes the nth minimal (worst-case) error of integration. 

Furthermore for n = 0 we have equality, 

e(0,INT,) = e(0,APP,) = 1. 

From these observations it follows that for e G (0,1) and s G Id we have 

n(£,INT,) <n(£,APP,;A^*'^), (28) 

where n{e, INT^) is the information complexity for the integration problem. 

The inequalities fET)) and fl25]) mean that all positive results for multivariate approxi¬ 
mation also hold for multivariate integration. 

In [7] the following results were proved: 

Theorem 2 ((TJ Theorem 1]). For the integration problem over the Hermite space'H{Ks a,b,uj) 
we have: 

1. EXP holds for all a and b considered, and 

= W) F 

2. The following assertions are eguivalent: 

(a) The hf^’s are summable, i.e., B := 

(b) we have UEXP; 

(c) we have EC-PT; 

(d) we have EC-SPT. 

If one of the assertions holds then p* = 1/B and the exponent t* o/EC-SPT is B. 

3. EC-WT implies that hmj^ooOj2^J = oo. 

4- A sufficient condition for EC-WT is that there exist rj > Q and (I > 0 such that 

aj2^^ > for all j G M. 

Compared with our results for approximation from Theorem [T] we have: 

• The conditions for EXP and for UEXP are the same for both problems. 

• For the integration problem UEXP and EC-SPT are equivalent and these properties 
only depend on b but not on a. This makes a difference to the approximation 
problem where we have the same condition on b as for the integration problem in 
order to achieve UEXP. However, to obtain also EC-SPT for approximation we must 
require that the sequence a grows at an exponential rate. 

• For the integration problem there is a gap between the necessary and sufficient 
condition for EC-WT whereas for the approximation problem we have an if and 
only if condition. With the help of our result for EC-WT for approximation and 
with our previous considerations we can present a different sufficient condition for 
EC-WT for integration as compared to [3 Theorem 1] (see Point 4 of Theorem [2]) • 
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Theorem 3. A sufficient condition for EC-WT for integration in 'H{Ks,a,b,w) is 
that liiiij^oo ttj = oo. 

Proof. Assume that we have lim^^oo aj = oo. Then Theorem [T] implies that we have 
EC-WT for the approximation problem. But now it follows easily from fl28p that 
we also have EC-WT for the integration problem. □ 

Although Theorem [3] is in some cases an improvement of the sufficient condition for 
EC-WT for integration from [71 Theorem 1] there still remains a small gap to the 
necessary condition. 
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